A simple discrete model of the two dimensional isotropic harmonic oscillator is presented. It is superintegrable with su(2) as its symmetry algebra. It is constructed with the help of the algebraic properties of the bivariate Charlier polynomials. This adds to the other discrete superintegrable models of the oscillator based on Krawtchouk and Meixner orthogonal polynomials in several variables.
two dimensions as discrete planar oscillators can be employed for instance to describe wave guides and pixellated screens. In general, combining two discrete one-dimensional oscillator models does not lead to a system that has the symmetries of the two-dimensional problem in the continuum [4, 5] . (Interestingly, we shall here have a counterexample to that statement.)
The isotropic harmonic oscillator is the paradigm example of a maximally superintegrable system. In d dimensions, such quantum systems with Hamiltonian H, possess 2d − 1 algebraically independent constants of motion including H. These quantities that commute with H necessarily form a non-Abelian algebra and in the case of the isotropic harmonic oscillator they generate the Lie algebra su(d). Superintegrable systems are the hallmark of exactly solvable models, they represent a meaningful laboratory for the study of symmetries and their mathematical description and they prove highly useful in applications. It is thus of considerable interest to enlarge their catalogue. For a review of (mostly continuous) superintegrable systems, see [6] .
In the recent past the poor set of known discrete superintegrable models has been significantly increased. Indeed, two discrete models of the 2-dimensional isotropic harmonic oscillator with su(2) symmetry have been obtained [7, 8] . While the two-dimensional situation is described in details in the papers quoted, these models have natural extensions to arbitrary dimension d. Their construction crucially relies on the properties of orthogonal polynomials in d variables that have recently received algebraic interpretations. In the first case [7] , one called upon the multivariate Krawtchouk polynomials now known [9] to arise as matrix elements of representations of SO(d + 1) on oscillator states. In the second case [8] , use was made of the Meixner polynomials in d variables that are similarly interpreted [10] with the help of the pseudo-orthogonal group SO(d, 1). In that vein, some of us have also given [11] an algebraic description of the Charlier polynomials in d variables based on the Euclidean group in d dimensions. We here exploit the properties of these polynomials obtained in [11] to construct another discrete model of the isotropic harmonic oscillator thereby complementing the two models we have mentioned.
The outline of the paper is as follows. In section 2, we will review the features of the bivariate Charlier polynomials that stem from their interpretation in terms of E(2) representations. In section 3, the discrete model of the isotropic oscillator will be defined and shown to be superintegrable with an su(2) invariance algebra. The wavefunctions will be recorded. In section 4, it will be confirmed that we have a model of the oscillator by showing that this system is found in the continuum limit. We shall conclude with some remarks. An Appendix collecting the relevant properties of the orthonormalized Charlier polynomials in one variable is also included.
II. THE TWO-VARIABLE CHARLIER POLYNOMIALS
The bivariate Charlier polynomials have been seen in [11] to arise in matrix elements of representations of the Euclidean group in two dimensions. Let θ, α and β be the rotation angle and the translations that define a generic Euclidean transformation of the plane with coordinates x and y
These will occur as parameters of the bivariate Charlier polynomials C n 1 ,n 2 (x 1 , x 2 ) that can be defined by the generating function
It can be seen from (2) that C n 1 ,n 2 (x 1 , x 2 ) are polynomials of total degree n 1 + n 2 in the variables x 1 and x 2 with values in N (x 1 , x 2 = 0, 1, 2, . . . ). They satisfy the orthogonality
where w(x 1 , x 2 ) is the product of two independent Poisson distribution with parameters α 2 and β 2 :
The polynomials C n 1 ,n 2 (x 1 , x 2 ) can be seen from their generating function to have the following explicit expression as an Aomoto-Gel'fand hypergeometric series:
where the parameters u ij are given by
and where (a) n stands for
The algebraic description of the multivariate Charlier polynomials allows for a very natural characterization of these functions. It leads in particular to an immediate identification of ladder operators that shall prove essential in the construction the superintegrable model.
denote the discrete shift operators in the variable x 1 and x 2 . Introduce the following two operators
They act as raising operators on the polynomials C n 1 ,n 2 (x 1 , x 2 ):
Introduce similarly the operators A
− and A
− defined by
They are the lowering operators:
The ladder operators (8) and (10) can be combined to produce the two commuting difference operators Y 1 and Y 2 that are diagonalized by the bivariate Charlier polynomials. These operators are given by
where
The eigenvalue equations are
Note that they fully determine the polynomials C n 1 ,n 2 (x 1 , x 2 ). Let us also write down the form of A
+ A
− as difference operators
which act on C n 1 ,n 2 (x 1 , x 2 ) as follows:
III. A DISCRETE AND SUPERINTEGRABLE HAMILTONIAN
We present in this section a model which is superintegrable with a Hamiltonian that is a difference operator in two variables. We take for the Hamiltonian the sum of the operators Y 1 and Y 2 introduced in the previous section. We hence posit
A simple calculation shows that H is the following operator:
Let us remark that this is a rather simple expression, that the operators T
have cancelled in the combination Y 1 + Y 2 , that the parameter θ does not appear and that H is simply the sum of the operators (A7b) associated to the difference equations of 2 univariate Charlier polynomials with parameter α 2 and β 2 . As for the Krawtchouk [7] and the Meixner [8] models, it is straightforward to show that H is superintegrable by exhibiting constants of motion built from the ladder operators. Let J X , J Y and J Z be defined as follows
It is immediate to verify using (8) and (10) that these operators commute with the Hamiltonian (18):
One also has
This confirms that H is superintegrable with su(2) as its symmetry algebra. In the realization (20), the su(2) Casimir operator is related to the Hamiltonian (18) through
This of course is totally in keeping with the Schwinger realization of su(2) in terms of the creation and annihilation operators of 2 independent oscillators. We have thus constructed in this case, a discrete superintegrable system by the addition of two discrete uni-dimensional models of the oscillator (see [2] ). We shall return to this point in our concluding remarks.
By construction, the wavefunctions of the Hamiltonian (18) are expressed in terms of the two-variable Charlier polynomials C n 1 ,n 2 (x 1 , x 2 ). These wavefunctions Φ N,n (x 1 , x 2 ) are labelled by the two non-negative integers N and n and read Φ N,n (x 1 , x 2 ) = C n,N −n (x 1 , x 2 ), n = 0, . . . , N, N = 0, 1, 2, . . . .
They are eigenfunctions of H and J Z :
The energy eigenvalues are given by the non-negative integers N = 0, 1, 2, . . . and have an (N + 1)-fold degeneracy. For a fixed energy, that is, for a given N, the states Φ N,n (x 1 , x 2 ) support a (N + 1)-dimensional irreducible representation of su (2) . With
it is seen from (17) that
It thus follows that the set of all two-variable Charlier polynomials C n 1 ,n 2 (x 1 , x 2 ) such that K = n 1 + n 2 with K a fixed integer, form a (K + 1)-dimensional irreducible representation space for su (2) .
In view of (3), the wavefunctions Φ N,n (x 1 , x 2 ) are not normalized on the grid (x 1 , x 2 ) ∈ N × N with respect to the standard uniform measure of quantum mechanics. Properly normalized wavefunctions Υ N,n (x 1 , x 2 ) are obtained by taking
where w(x 1 , x 2 ) is given by (4) . One has then the orthogonality and completeness relations
tions Υ N,n (x 1 , x 2 ) is obtained by performing the gauge transformation X → w
on the corresponding operator which has been defined in the Charlier or Φ N,n (x 1 , x 2 ) basis. For the Hamiltonian H, this will show that the resulting operator is the sum of 2 one-dimensional Charlier Hamiltonians as given in [2] .
IV. LIMIT TO THE STANDARD OSCILLATOR IN THE CONTINUUM
It will now be shown by taking the continuum limit that the system provided in the last section is a discrete model of the standard harmonic oscillator. This will be done first, by observing that the discrete wavefunctions tend to the usual oscillator wavefunctions that involve a product of two Hermite polynomials. Second we shall indicate that the discrete operators also have the proper limits. We observed that the Hamiltonian H does not depend on θ. Upon setting θ = 0 in the generating formula (2), we see with the help of the univariate generating formula (A4) that
where C n (x) are the orthonormalized Charlier polynomials in one-variable defined in (A2).
This separation of variables suggests using the well-known limit from the univariate Charlier polynomials to the usual Hermite polynomials H n (x). Set
One has
Upon comparing with the generating function of the Hermite polynomials
it is immediate to see from (32) that
that the Poisson distribution converges to the Gaussian distribution:
Hence the wavefunctions
tend to the oscillator wavefunctions
This justifies calling (18) a discrete 2-dimensional oscillator. Now let us remark that it is not necessary to take θ = 0 in the limiting process. If one keeps θ arbitrary and performs the change of variables (31), one obtains in the limit α → ∞, β → ∞, a product of Hermite polynomials in the rotated coordinatesx 1 = cos θx 1 − sin θx 2 andx 2 = sin θx 1 + cos θx 2 .
Let us now examine what happens to the ladder operators under these limits. After the gauge transformationsĀ x 2 ), the raising operators becomē
and the lowering operators read
Performing again the change of variables (31) and taking the limit α → ∞, β → ∞, it is seen expectedly that the operators (37) and (38) become the rotated creation/annihilation operatorsĀ
+ → cos θa
+ → sin θa also depend on θ. Only in the continuum can the rotation of the symmetry of the oscillator be used to gauge away θ. Note that the 2-dimensional model that we discussed simply extends to arbitrary dimensions.
Anisotropic discrete oscillators can also be constructed. The Hamiltoniañ
will have k 1 n 1 + k 2 n 2 (n 1 , n 2 = 0, 1, . . . ) as spectrum and will exhibit degeneracies whenever the frequency ratio k 2 /k 1 is an integer. As in the continuum, these models will be superintegrable with a polynomial symmetry algebra. Explicitly one will havẽ H = (k 2 − k 1 )x 1 β α cos θ sin θT should be noted in distinction to the isotropic situation. One observes that the use of the multivariate Charlier polynomials leads to a model that is more general than the one that results from the anisotropic combination of two one-dimensional Charlier oscillators.
It would be of interest in the future to obtain symmetry-preserving discretizations of other exactly solvable and superintegrable models along the lines followed here.
• Ladder operators
A − = a(T + − 1).
A + C n (x) = √ n + 1 C n+1 (x), (A6a)
Note that the ladder operators do not affect the parameter a included in the definition (A2) of C n (x).
• Difference equation
